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ON A QUESTION OF DIKRANJAN AND ZAVA
IGOR PROTASOV
Abstract. Let G be a non-discrete countable metrizable abelian topological
group endowed with the coarse structure C generated by compact subsets of G.
We prove that asdim(G, C) = ∞. For an infinite cyclic subgroup G of the circle,
this answers a question of Dikranjan and Zava [3].
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1. Introduction
Let X be a set. A family E of subsets of X ×X is called a coarse structure if
• △X ∈ E , △X = {(x, x) : x ∈ X};
• if E, E ′ ∈ E then E ◦ E ′ ∈ E and E−1 ∈ E , where E ◦ E ′ = {(x, y) :
∃z((x, z) ∈ E, (z, y) ∈ E ′)}, E−1 = {(y, x) : (x, y) ∈ E};
• if E, E ′ ∈ E and H ⊆ E then E ∪ E ′ ∈ E and H ∈ E .
A subset E ′ ⊆ E is called a base for E if, for every E ∈ E , there exists E ′ ∈ E ′
such that E ⊆ E ′. For x ∈ X , A ⊆ X and E ∈ E , we denote E[x] = {y ∈ X :
(x, y) ∈ E}, E[A] = ∪a∈A E[a] and say that E[x] and E[A] are balls of radius E
around x and A.
The pair (X, E) is called a coarse space [12]. We note that coarse spaces defined
in terms of balls were introduced under the name balleans in [8] independently
and simultaneously with [12], for the history see [2].
Each subset Y ⊆ X defines the subspace (Y, EY ), where EY is the restriction of
E to Y × Y . A subset Y is called bounded if Y ⊆ E[x] for some x ∈ X and E ∈ E .
A family F of subsets of X is called E-bounded (E-disjoint) if, for each A ∈ F ,
there exists x ∈ X such that A ⊆ E[x] (E[A] ∩ B = ∅ for all distinct A,B ∈ F).
By the definition [12, Chapter 9], asdim(X, E) ≤ n if, for each E ∈ E , there
exist F ∈ E and F -bounded covering M of X which can be partitioned M =
M0 ∪ . . . ∪Mn so that each family Mi is E-disjoint. If there exists the minimal
n with this property then asdim(X, E) = n, otherwise asdim(X, E) =∞.
Given two coarse spaces (X, E), (X ′, E ′), a mapping f : X −→ X ′ is called
macro-uniform (or bornologous [12]) if, for each E ∈ E , there exists E ′ ∈ E ′ such
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that f(E[x]) ⊆ E ′[f(x)] for each x ∈ X . If f is a bijection such that f and f−1
are macro-uniform then f is called an asymorphism.
Now let G be a group. A family I of subsets of G is called a group ideal [9], [11]
if G contains the family [G]<ω of all finite subsets of G and A,B ∈ I, C ⊆ A
imply AB−1 ∈ I, C ∈ I. Every group ideal I defines a coarse structure on G with
the base {{(x, y) : x ∈ Ay}∪△G : A ∈ I}. We denote G endowed with this coarse
structure by (G, I).
If G is discrete then the coarse space (G, [G]<ω) is the main subject of Geometric
Group Theory, see [4]. For coarse structures on G defined by the ideal [G]<κ, where
κ is a cardinal, see [10].
Every topological groupG can be endowed with a coarse structure defined by the
ideal of all totally bounded subsets of G. These coarse structures were introduced
and studied in [5]. For asymptotic dimensions of locally compact abelian groups
endowed with coarse structures defined by ideals of precompact subsets see [6]. For
the coarse structure on a topological group G defined by the group ideal generated
by converging sequences, see [7].
For a topological group G, we denote by C the group ideal of precompact subsets
of G (A is precompact if clA is compact). In [3, Problem 5.1] Dikranjan and Zava
observed that asdim(G, C) > 0 for an infinite cyclic subgroup of the circle and
asked about the value of asdim(G, C).
2. Results
We denote by Φ the family of all mappings φ : ω −→ [ω]<ω such that, for each
n ∈ ω, n ∈ φ(n) and {m : n ∈ φ(m)} is finite. We consider the family F of all
subsets of ω × ω of the form
{(n, k) : k ∈ φ(n), n ∈ ω}, φ ∈ Φ
and note that F is a coarse structure on ω, see [11, Example 1.4.6]. The universal
property of (ω,F) : if E is a coarse structure on ω such that every bounded subset in
(ω, E) is finite then each injective mapping f : (ω, E) −→ (ω,F) is macro-uniform.
Theorem 1. Asdim(ω,F) = 1.
Proof. We take an arbitrary F ∈ F such that F = F−1, (n, n + 1) ∈ F , n ∈ ω.
We put P0 = F [0], Pn+1 = F [Pn] \ (P0 ∪ · · · ∪ Pn) and note that ∪n<ωPn = ω. We
denote A0 = {P2n : n < ω}, A1 = {P2n+1 : n < ω} and observe that A0, A1 are
F -disjoint.
We define a mapping φ ∈ Φ by m ∈ φ(n) if and only if m ∈ Pn. We put
H = {(n,m) : m ∈ φ(n), n < ω} and note that the family {Pn : n < ω} is H-
bounded so asdim(ω,F) ≤ 1. Since (n, n+ 1) ∈ F , ω can not be partitioned into
F -disjoint uniformly bounded subsets, so asdim(ω,F) 6= 0 and asdim(ω,F) = 1.
✷
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Theorem 2. Let G be a subgroup of a topological group H such that there exists
an injective sequence (an)n<ω in G converging to h ∈ H \ G, A = {an : n < ω}.
Then the subspace A of (G, C) is asymorphic to (ω,F).
Proof. We show that the mapping f : (ω,F) −→ A, f(n) = an is an asymor-
phism. Since h /∈ G, each bounded subset of A is finite. By the universal property
of (ω,F), f−1 is macro-uniform.
To prove that f is macro-uniform, we take an arbitrary mapping φ : A −→ [A]<ω
such that an ∈ φ(an) and {am : an ∈ φ(am)} is finite. We put K = ∪n<ωφ(an)a
−1
n .
By the choice of φ, every injective sequence in K converges to the identity of G.
Hence, K is compact and φ(an) ⊆ Kan. ✷
Theorem 3. For every non-discrete countable metrizable abelian topological
group G, asdim(G, C) =∞.
Proof. We fix a natural number m and prove that asdim(G, C) ≥ m. Since the
completion H of G is uncountable, we can choose h1, . . . , hm ∈ H \G such that
(1) i1h1+ · · ·+ imhm ∈ G, (i1, . . . , im) ∈ {−1, 0, 1}
m implies i1 = · · · = im = 0.
Then we choose injective sequences (a1n)n<ω, . . . , (amn)n<ω converging to h1, . . . , hm
such that
(2) a1i1 + · · ·+ amim = a1j1 + · · ·+ amjm implies i1 = j1, . . . , im = jm.
By (2), for A = A1 + · · · + Am, Ai = {ain : n < ω}, the mapping f : A −→
(ω,F)m, f(a1i1 + · · · + amim = (i1, . . . , im) is bijection. By Theorem 1 and [1],
asdim(ω,F)m ≤ m, so it suffices to prove that f is an asymorphism. Applying
Theorem 2, we see that f−1 is macro-uniform.
To prove that f is macro-uniform, we take an arbitrary compact K in G, 0 ∈ K
and show that there exist φ1 : A1 −→ A
<ω
1 , . . . , φm : Am −→ A
<ω
m such that
(3) a ∈ φi(a), and {b ∈ Ai : a ∈ φi(b)} is finite, a ∈ Ai, i ∈ {1, . . . , m};
(4) A ∩ (K + a1i1 + · · ·+ amim) ⊆ φ1(a1i1) + · · ·+ φm(amim).
We fix k ∈ {1, . . . , m}, j ∈ ω and denote by φk(akj) the set of all aks ∈ Ak such
that (A1 + · · · + Ak−1 + akj + Ak+1 + · · · + Am) ∩ (K + A1 + · · · + Ak−1 + aks +
Ak+1 + · · ·+ Am) 6= ∅.
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Applying (1), we conclude that φk(akj) is finite and φ1, . . . , φm satisfy (3), (4).
✷
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